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Chapter 1

Periods (complex and p-adic) and
applications I

1.1 Plan of the lectures
I Classical periods
IT Tannakian categories

ITT Motives

IV André’s p-adic periods

V Ramified p-adic periods

1.2 What are periods?

1.2.1 Kontsevich-Zagier periods

Definition 1.2.1.1 (Kontsevich-Zagier). An effective complex period is a number such that both its

real and imaginary parts are absolutely convergent integrals of the form | p f» where

1. D C R™ us a semi-algebraic set (that is, it is obtained by union, intersection, and complement

from subsets defined by polynomial inequalities with rational coeflicients);
2. f is a rational function in Q(z1,...,z,).
We denote the set of such periods by Pgl,. We further set Pkz := Py [5].
Ezample 1.2.1.2. The following numbers are (Kontsevich-Zagier) periods.

1. Let a € Qx. We have
d
/ @ _ log(a) € Pz
1<z<a

X

2. [T e de =7 = Jorpypcr ddy

3. Given a € Q, we have [, ,_ dr=./a € Pkz.
dx d

4. C(2) = ZnZl # = f0<z<y<1 ﬁ

5. Elliptic integrals: 12 tgdﬁ = [ %, where D = {(s,t) | s> =t3+1,5>0,1 <t <2}.

Note of the scribe: the domain D has measure 0, so this doesn’t quite fit the definition as given.
I believe one can integrate over a 2-dimensional domain with suitable inequalities and get the
same period.
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Exercise 1.2.1.3. Every o € Q is in Pky.
Remark 1.2.1.4. 1. Pkyz is as subring of C containing Q.

2. Every a € Pkz has many representations | p/f

1.2.2 A second definition of periods

Definition 1.2.2.1. Let X/Q be a smooth algebraic variety of dimension d, D C X a normal crossing
divisor (defined over Q), and w € H°(X,Q%), and 7 a singular chain in X (C) whose boundary dv
belongs to D(C). An nc (normal crossing) period is a number of the form fw w.

We denote by P, the subring of C generated by fv w for (X, D,w,~) as above and we invert 27i.

Ezample 1.2.2.2. e Let X = A}@, a € Q, D = {conjugates of a}, w = dz, v : t + ta. Then
fﬂ{ w = a: thus, Py contains Q.
e X =Gy, D={1,a} with a € Q*, and ~ a path from 1 to a. Then fyw =loga.

¢ X =G,,, D=0, 7 the radius 1 circle around 0, w = 2. Then we have fvw = 2mi.

4
Remark 1.2.2.3. With both definitions, the ring of periods is countable: there are only countably many
semi-algebraic sets and countably many rational functions, and similarly there are only countably many
varieties over QQ, divisors defined over QQ, and differential forms.

Exercise 1.2.2.4. If in the definition of nc periods we replace Q with any algebraic extension of Q,
we get the same ring of periods.
1.2.3 Cohomological periods
Let X/Q be a smooth algebraic variety, Q% the algebraic de Rham complex.
Definition 1.2.3.1. H3(X/Q) :=H*(X,Q%).
Ezample 1.2.3.2. 1. If X is affine, then H® = H*® and

H3R(X/Q) = H*(Ox S04 0% 4 ...,

2. If X = G,,, Q' = Q[t*'] dt. We consider
QU+ % QU+ d;

the image of d is (t"dt | n # —1). It follows from this that

Hir(G,/Q) =Q[0] & Q%[—l}.

Exercise 1.2.3.3. Let P(z) € Q[z] be a degree 8 polynomial with simple roots. Let E : y?> = P(x) in

AZ and let R := %. Show that Q}, = %{dm, dy}. Consider

R4 QLo
. d d ; 1
Show that w := ; and y”’ form a basis of QR/Q,

Hint. Since P(z), P'(x) are coprime, use Bézout to write AP + BP' = 1. Then note w = Aydx +
2B dy (which shows that w € Qp ¢ ).

Remark 1.2.3.4. We have QS(/Q ®qo K = QE{;(/K'

Theorem 1.2.3.5 (Grothendieck). Let X be a smooth algebraic variety over C. The natural map of
complezes Q;(/C — Q;((C) oo Induces an isomorphism

Hip (X/C) = Hig ¢ (X(C),C).

Here, HiR oo is the ‘usual” de Rham cohomology computed by smooth differential forms.
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Remark 1.2.3.6. As a consequence of the theorem, if X is defined over Q we have

Hig (X/Q) ®g C = Hig (Xc/C) = Hig ¢ (X(C),C),
so that the (apparently more complicated) arithmetic object H3y (X/Q) is computed by something
that is essentially topological.

Theorem 1.2.3.7 (Poincaré’s lemma + de Rham’s theorem). Let X be a differentiable manifold.
There is a canonical isomorphism

compgp 5(X) 1 Hig e (X,C) = HE, o (X,Q) ®q C
w — v f,y w) )

On the right, using the universal coefficient theorem we identify HS (X, Q) with Hgng o(X,Q)Y, the

ing
dual of topological homology.

Corollary 1.2.3.8. Let X/Q be a smooth algebraic variety. There is a canonical isomorphism

Hip(X/Q©C — H (X(C),QwC
w — fyr—> fvw)'

Definition 1.2.3.9 (Cohomological periods). We let P¢ be the subring of C generated by Q, powers
of 27i, and the matrix coefficients of comp,p 5(X), for all smooth algebraic varieties X/Q and all
choices of bases for Hig (X/Q) and HS ,(X(C),Q).

Remark 1.2.3.10. Here we consider all differential forms, while in the nc definition we only work
with H(X,Q%), which is just one piece of the Hodge filtration. Also, the nc definition uses relative
cohomology, while here we don’t do this (but we could); one gets the same ring of periods.

Theorem 1.2.3.11 (Huber-Miiller—Stach; formerly a conjecture of Kontsevich). The equalities Pz =
Pruc = P, holds.
dz dy

Exercise 1.2.3.12. Recall {(2) = f0<m<y<1 =Dy The differential form we’re integrating has poles
at the boundary (along x =1,y =0). Ezhibit ((2) in Py and P..
Hint. Blow up at the singularities.

Conjecture 1.2.3.13 (Kontsevich-Zagier, vague formulation). All equalities between periods are jus-
tified by additivity of integrals, the change of variables formula, and Stokes’ theorem.

Remark 1.2.3.14. To formulate this conjecture precisely, one introduces a ring of formal periods, built
out of the formal data of periods and quotiented out by formal additivity, formal change of variables
formula, and formal Stokes; there is an evaluation map from formal periods to actual periods, and the
conjecture is that this map is injective.

1.3 Grothendieck’s period conjecture

Let X be a smooth proper variety of dimension d, Z C X be smooth of codimension c¢. There is a
topological cycle class map (given by triangulation)

Poincaré
~Y

and a de Rham cycle class map

Poincaré
Vv ~

Z — (2] € Hyy¥(X(C),Q) = H3%(X/Q) H35(X/Q).

These two cycle class maps will be denoted clp(Z), clgr(Z).
Tensoring up with C, we have the comparison map compgyg_ g, which satisfies

compgg g(clar(Z)) = clp(2)

up to powers of 27i.
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Remark 1.3.0.1. We're being a bit cavalier with Tate twists.
Note of the scribe. I think the missing factor is (277)°.

Conjecture 1.3.0.2 (Weak Grothendieck period conjecture, wGPC). The inclusion
cycle class maps
ZY(X)q = HiR(X/Q) N H;,(X(C), Q)

is surjective, where Z°(X)q is the group of algebraic cycles of X of codimension ¢ (with Q-coefficients).
For ¢ odd, the intersection Hiy (X/Q) N HS,,(X(C),Q) is trivial.

sing
Remark 1.3.0.3. Status of the conjecture: wGPC holds for ¢ = 1 and for abelian varieties, curves,
K3 surfaces, some HyperKahler varieties... This is due to Bost-Charles. The crucial ingredient is the
Waiistholz analytic subgroup theorem.
Remark 1.3.0.4 (Chowla-Selberg formula). Consider the elliptic curve E : y? = 423 + 4z, with CM by
Z[i]. The periods of E are (generated by)

dv  T(1/4)? . ™

.
a=[ —= i, ——, —i—.
Wy 22m T a

Grothendieck’s period conjecture implies that «, 7/« are irrational.
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Periods (complex and p-adic) and
applications 11

2.1 Complements on de Rham cohomology

Let X be a separated scheme, F be a quasi-coherent sheaf on X. If X is affine, then H*(X,F) = (0)
for all ¢ > 0. When all higher cohomology of a sheaf F vanishes, we say that F is acyclic. Let
j U <= X be an affine open and let F be a quasi-coherent sheaf on U. Then j,F is acyclic on X
(that is, H (X, j.F) = (0) for all i > 0).

Now let X = U; U U,, with each U; open and affine, and let j; : Uy — X be the inclusion, for
k = 1,2. There is an exact sequence

0= F = j1.F vy © J2xFlvs = J12.+F luynvs — 0.

Since Uy, Uy and Uy NUsy are affine (because X is separated, so the intersection of affine subschemes is
affine), the second and third term of the above complex are acyclic, and so we’ve found a resolution
of F by acyclic sheave, which may be used to compute the cohomology of F.

This idea can be extended to define hypercohomology. Let F, € D?(QCoh(X)) be a complex of

sheaves. For each F;, we can find an acyclic resolution F; — A? — A} — --- of F;. Consider the
double complex

Fo Fi Fo
AP AY A9
Ag A Aj

Since the terms Ag are acyclic, there is a quasi-isomorphic to the totalisation Tot (A2, dy, +d,). By
definition, H*(X, F*) = H*(H°(Tot (A2, d), £d,))).

Example 2.1.0.1 (Cohomology of P'). Let X = P! and consider the complex Op1 — Q. Write
U; = Spec K[t],Uy = Spec K[t71]. To get acyclic resolutions, we consider as above

0 — -Fg)jl,*fh]l @jQ,*F‘Uz %jlz*F‘UﬂTUz — 0

9
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We get a diagram
Op Qs

jl,*OU1 @jQ,*OUQ Hjl,*ﬂ[ljl @jQ,*Q%h

. . 1
J12,:O0v vy, — J12.+80, Ao,

Hence,
H*(PY, Qp) = H® (H°(Ov,) ® H%(Ov,) = H°(Ov,nv,) © HY(Qy,) @ HY(Qy,) — H(Q,00,)) -

The maps are (up to sign)
(fag) — (f 7g|U1f‘IU2a dfa dg)

and
(f,w1,w2) = df —wi|u,nu, + walunws,-

This gives the explicit complex of vector spaces
0 — k[t] ® k[t 7] — k[tT') @ k[t] dt — k[t*']dt — 0,
of which we need to compute the cohomology. One finds H3 (P*/Q) = Q[0] & Q4 [—2].
Exercise 2.1.0.2. 1. Finish this computation.
2. Compute H3p (A \ finitely many points).

3. Let B : y?z = 23 +axz?+b22 inP2. Let U,V be the open subschemes E\{oc} and V = E\{y = 0}.
Compute HiR (E/K).

Hint. H3;(E/K) is spanned by % dz

Remark 2.1.0.3. Computing de Rham cohomology for affine varieties is relatively easy. However,
proving the comparison theorem between algebraic and differential de Rham cohomology seems to
require going through (smooth projective) varieties, even if one is only interested in the affine ones,
because the proof ultimately reduces to the GAGA principle.

2.2 Grothendieck’s period conjecture
Let X be a smooth projective over Q, or even Q. We have a comparison isomorphism
compyg p(X) : Higr(X/Q)® C — HE(X(C),Q) ® C.

Choosing rational bases we get Qx € GLy(C), for N = dimg Hjy (X). It turns out that an algebraic
cycle a on X™ produces a polynomial function P, on GLy g such that P,(Q2x).

Conjecture 2.2.0.1 (Grothendieck period conjecture, preliminary version). We have

{P € O(GLng) | P(Q2x) = 0} = {Ps | a algebraic cycle on X™ for some n > 1}.

In other words, the ideal of @Zar in GLy g is given by the polynomials arising from algebraic cycles.

Remark 2.2.0.2. Status: widely open! It’s known for G,,, because it’s essentially the transcendence of
7, and for CM elliptic curves, by work of Chudnowski.

Remark 2.2.0.3. The dimension of mzar coincides with the transcendence degree trdegg (Q(coefficients of Qx)).
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2.3 Some Tannakian formalism (Galois-Poincaré)

Definition 2.3.0.1. A K-linear Tannakian category is a K-linear abelian category C endowed with a
functor

®:CxC—=C

which is associative and symmetric and has a unit 1. All objects have duals, denoted by X ~» XV,
that come endowed with evaluation and coevaluation maps

ev: X' eX =1,

coev:1l—> XXV

such that
X—X0XVeX

\ Jid ®ev
id

X
commutes. Finally, 1 is supposed to satisfy End(1) = K.

Erample 2.3.0.2. 1. Finite-dimensional K-vector spaces

[\

. If T is a discrete group, the category of finite-dimensional representations of I’

w

. If G is an affine group scheme over K, the category of algebraic representations of G over K.

e

If X is a topological space, the category of (finite dimensional) local systems LocSys'# (X, K).
5. Vect%(, the Z-graded vector spaces.

6. sVect g, the category of super vector spaces (Z/2Z-graded vector spaces over K ), with symmetry
map
VeWw — WeV
vew = (=) .

Definition 2.3.0.3. Let L be a field extension of K. A fibre functor on a Tannakian category C is a

functor
F :C — Vecty,

which is exact, faithful, and symmetric monoidal. The last condition means that F' comes equipped

0
with isomorphisms F(X) ® F(Y) —— F(X ® Y) and K % F(1) with the obvious compatibilities.
The category C is said to be neutral if it admits a fibre functor to Vecg.

Ezample 2.3.0.4. In our previous examples, (1), (2) and (4) are neutral, with fibre functor the obvious
forgetful functor. Example (3) is also neutral, with fibre functor given by taking the fibre at a point
z € X. Finally, example (5) is not neutral.

Theorem 2.3.0.5 (Saavedra-Rivano, Deligne). Let C, F : C — Veck be a neutral Tannakian category.
The functor Aut®(F) : R — Auwt®(F(—) @k R) is representable by an affine group scheme G over
K, and F factors uniquely as

C —= Repg,.
X] Jforgct
Veck

where the arrow C = Repg,. is an equivalence of symmetric monoidal categories. Moreover, if F' :
C — Veck is another fibre functor, then

Isom®(F, F') : R+ Isom®(F(—) ®k R, F'(—) ®k R)

is also representable by an affine K-scheme, which is a Gg-torsor on the right and a G g/ -torsor on

the left.
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Exercise 2.3.0.6. Prove the following.

1. Let T be a finite abstract group. Applying Tannakian reconstruction to RepFK (with the obvious
fibre functor) gives Giorget = Spec(O(T)).

2. For Vec%( (with the forgetful functor), the Tannakian fundamental group is G,, (i.e., graded
vector spaces are the same thing as representations of Gy, ).

3. T'=Z, Repc(Z) — Vece: Tannakian reconstruction gives Grorget = G4 x D(C*), where D(C*)
is the diagonalizable group with group of characters C*.
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applications 111

3.1 What have we done so far?

Let X/Q be a smooth (projective) variety. We have considered the maps
compgg p(X) : Har(X/Q) ®g5C — Hp(X(C),Q) ®g C

and
clar,p : Z(X)g < Hir(X/Q) N HE(X(C), Q)

The weak Grothendieck period conjecture is that the latter inclusion should be an equality. Note the
similarity with the Hodge conjecture.

Let Pc(X), the algebra of complex periods of X, be the Q-bar subalgebra of C generated by the
coefficients of compgyg p in Q-bases. We have seen examples showing that many interesting numbers
(logarithms of rational numbers, multiple zeta values, T’ (%), ...) are periods. From the formalism, we
have a bound

trdeg 7)(: (X) < dim GdR-

The Grothendieck period conjecture predicts that this should be an inequality.

Goal for today. Construct a p-adic analogue P, C @p that contains interesting numbers, in such a
way that trdeg is controlled by algebraic classes via Tannakian groups. This is based on joint work of
G. Ancona and D. Fratila.

3.2 Initial motivation
Let X/F, be a smooth projective variety. The Tate conjecture predicts that the map
Z(X)o ® Qe —a He (X5, Qo)
is surjective. Tate asked to understand the image of the map
Z(X)q —a HE(Xg,, Qo) %,

namely, understand the position of the actual algebraic cycles inside étale cohomology.

We consider X/F,, with a lift X, to Q (or more generally, X/F, with a lift to a number field, or
X/F, with a lift to Q).

In this case, we get a comparison

Hip (Xo/Q) ®o Qv = HE (X, Qu),

and this gives a rational subspace, but this isomorphism depends on the choice of inclusion of Q into
Qy, and the periods one gets from this comparison depend on these choices. So we try something else.

13
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3.3 Setting

Let Xo/Q have good reduction at p and denote the reduction by X,. We have a comparison isomor-
phism (due to Berthelot)

Z(Xo) —— 2 Hyp(X0/Q) ® Q,

| J

Z(Xp) —————— Heris(Xp, Qp)

cleris

We get
Q, 1 Z(Xo) — Z(Xp) N Har(Xo/Q).

Conjecture 3.3.0.1 (p-wGPC). Is this an equality?

Ezxample 3.3.0.2. As a special case, let X be am abelian variety A with good reduction at p, denoted by
A,. Let f € End”(4,) be an endomorphism. Then f acts on H};.(A,,Q,), which contains H}g (A4/Q).

If f lifts to characteristic 0, this action will preserve Hip(A/Q). The p-wGPC implies that f lifts to
an endomorphism in characteristic 0 if and only if it preserves H} (4/Q).

Note that f: A, — A, gives a divisor [['y] in Z'(A x A); it is this class that we apply the p-wGPC
to.

Definition 3.3.0.3 (André’s p-adic periods). Let P;4¢(X) be the Q-subalgebra of Q,, generated by
the coefficients of

Z(Xo)g = Har(Xo/Q) @ Q,

with respect to Q-bases. We further let P5"4¢((Xy)) be the Q-subalgebra of Q, generated by
Pﬁ“dré(X;}) for all n > 1.

Remark 3.3.0.4. There are other definitions of p-adic periods in the literature.

1. Fontaine’s p-adic periods. Using the comparison isomorphism

Har(X0/Q)ggBar = He(Xo, Qp) ®q, Bar
one gets periods in Bqr. Let Pron(X) be this ring of periods.

Congecture 3.3.0.5 (Fontaine). trdegg (Pron) = dim Gar (Xo).-

André proved that the transcendence degree on the left depends on the chosen embedding o :
Q = Q,, but also that the conjecture is true for ‘generic’ o.

2. Brown-Furusho. Take X/Q with good reduction X,,/F,. There is an action of Fr* on Heyis(X,/Qp),
which contains Hqg(X/Q). Let Prrob(X) be the subalgebra of Q, generated by the coefficients
of Fr* with respect to Har(Xo/Q).

Notice that Fr’ is a Qp-point of Aut® (Har|(x,)) = Gar(X)(Qp). This implies trdeg Pryon(X) <
dim Ggr (X). However, the bound is not optimal, because the characteristic polynomial of Fr%
is in Q[T], and Gar(X) does not see it. (More precisely, the conjugacy class of Frobenius admits
at least one equation with rational coefficients, so Fr cannot be a generic point.)

Note also that Pryon(X) C P,(X?), because 'y, is an element of Z1(X, x X,,).

3.4 Examples

3.4.1 G,
Let Xo = G,,,. We compute

. _ 17 td 1
Hrig(vaQp) =H (AQP — QA&j/Qp) )
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where A;rl) is the ring of overconvergent power series
P

A&p = {Zant” | lim (vp(an) — c(n)) = oo} .

n|—oo
neZ Inl

One computes easily
Hr.ig(Xpa Qp) - Qp D Qp leg t.

There is again a comparison isomorphism

Har (Xo0/Q) ® Qp = Hg (Xp, Qp),

where the map sends 1 to 1 and dlogt to dlogt.

There is an action of Fry on H3, (G x,,Qp). How do we compute this action? Lift Frx, to AT (in
the obvious way, t — tP). Then apply this lift to 1, dlogt; the pullback of dlogt is dlog(t?) = p dlogt.

Thus, the matrix of Frobenius is ((1) 2)

3.4.2 Kummer motive

This has to do with the relative cohomology of G,,, with respect to two points 1,a. Let a € Z, with
a#0,1,—1 (mod p). There is a motive

Ko := h* (G, {1,a}).
The de Rham realisation is
Rar(Ka) = Hig(Gm, {1,a});
the rigid realisation is
Rrig ((Ka)p) = Hrlig(Gm,Fp7 {17 a}, @p)~

There is a non-split exact sequence
1—- K, — 1(-1)

in Mot(Q). Fact: (KCy), =1 @ 1(—1). Dualising, we get a non-split sequence
1(1) » Ky — 1,

which doesn’t split, and so this doesn’t have algebraic cycles in characteristic 0. However, in charac-
teristic p this does split, because (fact) (Kq)p, = 1 & 1(—1).

Goal: take the cycle in characteristic p and find its coordinates with respect to de Rham cohomology,
ie., wrt Hig (G g, {1,a}).

For C-periods, the comparison isomorphism

HéR(Gma {la a}) l> H113(Gm7 {17 CL})

we get the matrix

‘ dt ‘ dlogt
l1—=a|la—1] loga
circle 0 2mi

Let Z((Ka)p) = Q-v, where v € Hom(1, (K,), ) = Hom((Ky4)p, 1) is the unique map invariant under
Frobenius that equals id on 1 C (K;),. We want to find the coordinates of v in Hig (G, {1,a}) =
Qpeo ® Qp dlogt. Let v = (1, dlogt); we look for such a vector under Frobenius. We need to
compute the matrix of Frobenius acting on HJg (Gm,q, {1,a}) ®Q,. The relative de Rham cohomology

is computed by the complex (the cone over a certain map...)

Hg (G, {1,a}) = H* (Qit™'] = QIt*']dt® Q@ Q),

where the non-trivial map in the complex is

[ (df, f(1), = f(a).
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Note that [(df,0,0)] = [(0,—f(1), f(a)], which is very reminiscent of Stokes’s theorem (or the funda-
mental theorem of calculus).
So now let eg = [(0,0,1)] and e; = (dlogt,0,0). Doing the same with Hf,, we find that the
comparison gives
Hrlig(Gmep, {1,a}) = Quép & Q, dlogt,

with the ‘obvious’ comparison isomorphism (&g — eg, dlogt — dlogt).
We now lift Frob to AT := Z,{t,t '} ®z, Q, by

~ 1-p _1
Fr:tp<1+a(t—1)),

a—1

where the lift is chosen so that m(a) =a.

We then get F/‘I"\()T)*eo = eg and
o\ ¥ 1-p _1
(Frob) (dlogt) = dlog (tp <1 + %(t - 1)))

1-p n+1
—pdlogt+d | 3 (~1)"— (“ 1(75—1))

= n+1 a—1

But in cohomology, d(g) = [0,—g(1),g(a)]. When we evaluate at 1 we get 0, so ultimately we get

1 )
something like pdlogt + log(a'=P)eg. So v = <1Og(a1—p)>; we get in particular that Pﬁndrc(ng).
loglo )
Theorem 3.4.2.1 (Mahler). log(a) € Q, is transcendental, which implies the p-wGPC for K.
Question 3.4.2.2. How do we bound trdeg P{!"*¢(X)?

Let
Mot(Q)fé&lly falthﬁi\l/[ot((@)

mod pl

Mot(F))

Fix M € Mot(Q) of good reduction such that (M) is abelian. We have a diagram

(M) fan Vecg
mod pl J@Qp
Reris
(M) Vecg,
Z(-) /
Vecg

Note that Z is not fully faithful, but it is lax-monoidal:
Z(A)® Z(B) = Z(A x B)

is not necessarily an isomorphism. Consider now

(M) flan Vecg Vecg,

Zp(_)_Zospfx‘ /

VGCQ




3.4. EXAMPLES 17

Theorem 3.4.2.3 (Ancora-Fratila ’23). The functor of points
A Emb' (2, | vy, Rarl a))

is representable by an affine variety H(M), which is homogeneous under Gar(M). The Berthelot
comparison gives a point cpery € H(M)(Q)), which has stabiliser Geris(M). In particular,

dimH = dim GdR(M) —dim Gcris(Mp)~

Corollary 3.4.2.4. trdegP,((M)) < dim H(M).
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Chapter 4

Periods (complex and p-adic) and
applications IV

4.1 More on André’s p-adic periods

Let X/Q be a smooth projective variety with good reduction at p. Let Z(X,) be the group of algebraic
cycles in characteristic p. We have considered the map

Har(X/Q) @50,

comp 0 Cleris

(%) Z(Xp)

Let Pp(X) be the Q subalgebra of @p generated by the coefficients of this map with respect to Q-bases.
We also let P,((X)) be the subalgebra generated by P,(X™) for all n > 1. We look for a Tannakian

interpretation of these periods.

Rar
(X) ————— Vecy

(X,) ———— Vecg,

Reris
x

Vec@

The first row gives Ggqr over Q; the second, the group Geris(Xp) over @p.
We also have

Rar
(X) — Vecg

Vec@ — Vec@p7

with the diagonal map Z,(—) ® Q, = Rar(—) ® Q, is ().
Note moreover that (%) is lax-monoidal, that is, there is a commutative diagram

Zp(A) @fzp(B) — Rqr(4) ® Rar(B)
Zy(A® B) —— R4r(A® B)

where the first vertical arrow is not necessarily an isomorphism (because algebraic cycles don’t satisfy
Kiinneth).
Consider all such natural transformations:

A+~ Emb® (Zp|<X> ®@ A,RdR|<X> ®@ A) .

19
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Theorem 4.1.0.1 (Ancona-Fratila). This functor is representable by an affine variety H(X) over Q,
which is a homogeneous space under Gar(X) with stabiliser isomorphic to Geris(X,).

Remark 4.1.0.2. To interpret Geris(Xp) inside Gar(X), use (x) as point of H(X)(Q,).
Corollary 4.1.0.3. trdeg P,((X)) < dim H(X) = dim Ggr(X) — dim Geris(Xp).
Conjecture 4.1.0.4 (p-GPC). This inequality is an equality.

Example 4.1.0.5.

0. Let X = Gy,. We have Gar(X) = G, Geris(Xp) = Gy, (from yesterday), so H(X) is a point.
Moreover, P,({X)) = Q, which has indeed transcendence degree 0.

1. X = K. We have Rqr(K)) = Hig (G, {1,a})¥, Gar(KY) = Ga % Gy, Geris(KY)p) = G-
Hence H(KY) is of dimension 1. We computed yesterday that P,((KY)) = Q(loga) (for a suitable
branch of the p-adic logarithm). By Mahler’s theorem, loga is transcendental, so the p-GPC

holds.

2. Let F be an elliptic curve with endomorphism ring M. We work with the motive M. Supersin-
gular means that M, = 194,

has CM ‘ no CM
ordinary GdR = Gm7 Gcris = Gm GdR = PGLQv Gcm’s = Gm
supersingular | Gar = Gy, Geris = 1 Gar = PGLy,Geris = 1

In the four cases (left to right, top to bottom) gives predicted transcendence degrees for P,({M))
as follows: 0,2,1, 3.

4.2 Ramified p-adic periods

4.2.1 Application

Theorem 4.2.1.1 (Ancona, Fratila, Vezzani). Let p = 1 (mod 4),g =1 (mod 4), p{ g+ 1. There
exist infinitely many a € Q(,/p) such that the Jacobian of
29+2

C,:y’=zx a

does not descend to Q up to isogeny, despite the fact that C, is isomorphic to its Galois conjugate.

Definition 4.2.1.2. Let L O K be a field extension, X a variety over L. We say that X descends
to K if there exists a variety Y/K such that X 2 Y xx L. An abelian variety A/L descends up to
isogeny to K if there exists B/K such that B x g L is isogenous to A.

Remark 4.2.1.3. Shimura (’72) constructed C'/C such that:
1. C = C (the complex conjugate);
2. Jac(C') does not descend to R.

In general, in order to descend a variety, we need at least the variety to be isomorphic to all of its
conjugates; but in general, this is not enough, as Shimura’s example shows. Huggins (’07) also gave
example of curves over number fields which do not descend. Further examples were given by Mestre
(’91) and Fité-Florit-Guitart (’24). The latter examples are hyperelliptic curves of genus g = 2 over
Q(+/2) whose Jacobian does not descend to Q up to isogeny.

Remark 4.2.1.4. Showing that something is not possible / doesn’t exist is often very hard! What we
need are invariants that can give obstructions.
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4.2.2 Ramified periods

Setup 4.2.2.1. Let L/Q be a number field, totally ramified at p (for example, L = Q(,/p)). Consider
the p-adic completion I:/ Qp.

Definition 4.2.2.2 (Ramified periods). Let X/L be smooth projective, with good reduction at p. We
have the comparison isomorphism

HSLR<X/L) ®L i/ — H?ris(‘)(p/QP) ®Qp L.

By choosing bases, this isomorphism gives a point in GLx (L). Quotienting out by the choices of bases,
we get a double coset in R

GLn(Qp)\ GLn(L)/ GLN (L)
denoted by Pram(X,n).

Remark 4.2.2.3. The fields L and Q, generate L. Nonetheless, even for N = 1, the quotient
QL™ /L* =Py, (L)/L*

is highly nontrivial (L is uncountable, L* is countable).

Remark 4.2.2.4. If X descends to Q with good reduction, then the ramified periods are trivial. To
see this, simply notice that if X descends, we can find an isomorphism

HQR(X/Q) ®Q QP — H?ris(Xp/Qp) ®@p QP’

whose representative matrix is clearly trivial in the double coset space.

Definition 4.2.2.5. Let V; be a Q,-vector space with a filtration Fil* on Vj ® L. We say that the
filtration descends to Vj if ' _

dimg, (Fil' NVy) = dim; Fil’.
Hypothesis (Fil,). The Hodge filtration on H7 (X/L) ® L descends to H; (X,/Q,).

Remark 4.2.2.6. Note that this is uninteresting in the case n = 0 (or top dimension).

Definition 4.2.2.7 (Definition/Proposition). Suppose that X satisfies (Fil,) for some n. Let Pp, <
GL(H3R(X/L)) be the parabolic subgroup preserving the Hodge filtration. Simlarly define P..;s <
GL(H!,,(X,/Qp)). The Berthelot comparison isomorphism gives an element in

Peris (Qp)\PHo (E)/PHO (L),

denoted by P

ram (X7 n) N
Essentially, Pl (X, n) is a (block) upper-triangular matrix.
Definition 4.2.2.8. Let i : Py, — G,, be a character. Define P := u(Pil (X, n)) € Q;\ﬁX/LX.

A x

Example 4.2.2.9. For Py, = {(0 B

possible character pu.

>}, for all a,b € Z the expression det(A4)® - det(B) gives a

Theorem 4.2.2.10 (Ancona-Fratila-Vezzani '25). Let X/L be a smooth projective variety with good
reduction at p, where L/Q is a Galois extension, totally ramified at p. Suppose that (Fil,,) holds for
some n. If X descends to Q, then PE (X, n) is trivial for all characters p : Py, — Gy,

ram

Corollary 4.2.2.11. If there exists u such that P

1 o 18 montrivial, then X does not descend.

Proof. Let Y/Q be a smooth projective variety such that Y7, = X. The existence of Y produces an
action of Gal(L/Q) on H,5(X,/Q)), and

HSLR(X/L) XL L = cnris(Xp/Qp) ®Q, L

is Gal(L/Q)-equivariant and compatible with filtrations. Starting from the character, we build a tensor
construction in which the filtration gives us lines and a Galois-equivariant isomorphism fqg ®7, L —»

gcris ®Qp L
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Ezample 4.2.2.12.

1 3
Fir C H"
Nl Berthelotl~
Fl. C H™;

cris

The de Rham and crystalline lines are A"P(Fly) @ L = A"P(FL, Y ®q, L. For Py, = { (61 ;) },

this corresponds to the character det A.
Now notice that L is the regular representation of Gal(L/Q) and fe.s = x is a character of
Gal(L/Q). In particular,
gcm‘s = (Ecris ®Q E)Gal(L/Q)’X_l-

On the de Rham side, we have
lar = T ®q L,
because X =Y xg L, and Galois acts only on L. Since this is essentially the regular representation
-1
again, ZS@I(L/Q)’X is nontrivial. Hence £qr N ¥qpis is nonzero, and hence, the period is trivial, because
(since the @Q,-line and the L-line actually intersect) we can choose bases to make the period literally
equal to 1. 0

Proposition 4.2.2.13. Let X/L be smooth projective with good reduction at p. If there exists Y/Q,
with good reduction such that X xq L =2Y xq, L, then (Fil,,) is satisfied for all n, and the ramified
periods can be computed from a de Rham comparison isomorphism:

Har(X/L)® L —— Har(Y/Q,) ® L

ZJ TBerthelot ® id

HcriS(Xp/Qp) ®Qp 2/ — Hcri5<Yp/@p) ®Qp ff

The right and bottom isomorphisms are over Q. The left and top isomorphisms are over L. It follows
that the double coset classes of the left and top isomorphisms agree. In particular, we can compute the
double coset using only the top isomorphism, which is purely on the de Rham side.

4.2.3 Application, in practice

We construct

C,: y2 = p291t2 _

over L := Q,(,/p) such that C, = Cz, but C, does not descend, because PF, (Cq, 1) # trivial. Since

a

P

ram

(Jac(Cy,),1) = Pt

ram

(Cas 1),

we obtain that the motive Jac(C,) does not descend to Q; by definition of the motive, this means that
the variety doesn’t descend even up to isogeny.

Construction. Let p =1 (mod 4),g =1 (mod 4),pt g+ 1. Let v € Q(y/p) satisfy N(v) = —1 (Pell
equation). Let b € Q(/p) be such thatv9™! = b/b, which exists by Hilbert 90. Construct a € Q(,/p)
as a = b*p", where r € Z is chosen so that v(a) = 0. Then

C, = C5g.

Let a = **%/a/c € Q,(\/p), where ¢ € Z such that a = ¢ (mod /p). The root exists since p { 2(g+1).
The ramified period is a~99T1/2 which is non-trivial (by direct computation).

Proof. 1. C, = Cg via the map (z,y) — (va,vIly).

2. C,4 xq, Qp(y/p) is isomorphic to C., and C. (defined over Q,, or even over Q) has good reduction
since pfc,pt2g + 2. The isomorphism is ¢ : (z,y) — (ax, a9ty).
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3. Computation of the period on det(Fill). By Proposition 4.2.2.13, it suffices to compute
P" HjR(Ca/L) ®r L = H&R(CC/QP) ®q, L.

The subspace Fil' is spanned by :ri%x for i =0,...,9 — 1. By direct computation, qS*(mi%”) =
a‘g"’ixi%. Thus, det(¢*|pyn) = a~909+1/2,

4. o € Qf \L*/L* is non-trivial for every odd d. This uses that Q(\/p) is contained in R and that
N(v) = -1.

O
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Chapter 5

Brauer-Manin obstruction via
refined Swan conductors 1

5.1 Vague overview & motivation

In this course, we will see how to build classes in the (étale) cohomology of varieties in characteristic
0 (with ‘interesting’ arithmetic properties) starting from (de Rham) cohomology classes in positive
characteristic.

Let V/M be a variety over a number field. We are interested in the set V(M) of M-rational points
of V.

Remark 5.1.0.1. In this course, variety over M means smooth, proper, geometrically integral M -scheme.
Typically, V' will be a projective variety V =V (f1,..., fm) C P}, and

VIM)={(ag: - :a,) € P"(M) | filag,...;an)=0Vi=1,...,r}

In general, V(M) is extremely hard to understand.
To study V (M), it often helps to look at the inclusion

V(M) = ] VM),
VEQ M

where 2, is the set of places of M and M, is the completion at v.
Ezample 5.1.0.2. For M = Q, we have Qg = {primes} U {oco} and, for v € g, the completion Q, is

Q, = Qp, if v corresponds to the prime p
Y R = Qu, if v is the place at oco.

However, [[,cq,, V(M,) is often too big to give useful information on V/(M).
Idea (Manin, 1971): use the Brauer group of V, namely Br(V) := HZ (V,G,,), to build, for every
A € Br(V), an embedding

A
V(M) < ( II V(M,,)> c ] v,

vEQM vEQ M

where one might hope that the second inclusion is strict.
Our objective is to build ‘interesting’ Brauer classes, namely, elements A € Br(V') such that

A
V(M) < ( 11 V(Mv)> ¢ II vm).

vEQ M vEQ M
We will see how, for a prime ideal p < Oy of good reduction for V', we can construct a map

global 2-forms on the . "y o
{ reduction of V modulo p — {interesting Brauer classes}.

25
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Definition 5.1.0.3. We say that V has good reduction at p is there exists a smooth and proper
scheme X /O such that X X0on, My =V xn M.

Ezample 5.1.0.4. In practice, this is easier than it sounds. Let V = V(f1,..., f,) C PR, with f; €
Qlzo, ..., xy). Assume that p € Z is a prime number such that each f; is in Z,[xzo,...,z,] (that is, p
does not appear in the denominator of the defining equations; this can always be arranged, for example
by rescaling the f;). Let X = Z(f1,..., fn) C IP’QP. If X is smooth, then p is a prime of good reduction,
using X as integral model.

Remark 5.1.0.5. Let X/K be smooth and proper, where K is a p-adic field (a finite extension of Q,),
and let X be an integral model of good reduction (assumed to exist). Let k = Og/p be the residue
field and Y := X X, k be the special fibre. In 2016, Bhatt-Morrow-Scholze showed

dimg Hig (Yy/k) > dimg, HZ (Xc,, f1p)-

We will see how elements in HO(Y,Q3.) “ C” H2, (Y/k) give rise to classes in HZ, (X, #tp), which in
turn will give elements of Br(X)[p].

5.2 The Brauer-Manin set

5.2.1 First definitions
Definition 5.2.1.1. Given an M-scheme S, the Brauer group of S is
Br(S) := HZ(S,G).
We consider Br as a functor (Schjs)°? — Ab.
Given an M-algebra R and an element A € Br(V), functoriality of Br gives an evaluation map

evy : V(R) —  Br(R) := Br(Spec(R))
(P :Spec(R) = V) — P*(A),

where P* := Br(P) : Br(V) — Br(R) is the map induced by functoriality.
There is a commutative diagram

V(M) —— Tlieq,, V(M)

ev 4

Br(M) —— EBveQM Br(M,) —— HveQM Br(M,).
We then set
A
< H V(Mu)> = {(xv) € H V(M,) | (eva(zy)) € Im (Br(M) — @ Br(MU)> }
vEQ s vEQNM vEQ M

5.2.2 Results from class field theory
We discuss the Brauer group of local and global fields of characteristic 0.
Theorem 5.2.2.1 (Class field theory). The following hold.

1. For local fields we have
Q/z, if M, is p-adic
Br(M,) — ¢ 3Z/Z,if M, =~ R
" o, ifm, =c.

2. (Albert-Brauer-Hasse-Noether) Let M be a number fields. There is a short exact sequence

0= Br(M) —» €P Br(M,) = > Q/Z — 0.

VEQ M
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Using Albert-Brauer-Hasse-Noether, we find

A
( H V(Mv)> = {(mv) € H ’ Zinvv(evA(xv)) = 0}.

vEQ N VEQ M v

Exercise 5.2.2.2. Assume [[,cp, V(M) # 0 (this is relatively easy to check in practice). If A €
Br(V) is such that there exists v € S, for which ev 4 : V(M,) — Br(M,) is non-constant, then

A
(H V(Mv)) ¢ I[ vim),

vEM, vEM,
so A is an ‘interesting’ Brauer class.

Remark 5.2.2.3. Tt may happen that ev 4 is constant on V (M,,) for all v: if there is a rational point, then
(by evaluating at this point) we find (T, ¢, V(MU))A = [Luear, V(M,). Otherwise, it is possible that
(ITvenr, V(Mw))A = (). When ev4 is non-constant, A cannot fully obstruct the existence of rational
points.

Remark 5.2.2.4. If there exists A € Br(V) such that there exists p < Oy for which ev 4 : V(M) —
Br(M,) is non-constant, then there exists A" € Br(Vay, ) such that evas : Vi, (M,) — Br(M,) is
non-constant (exercise). The converse is also true, up to replacing M with a finite extension M’. This
motivates the setting for the rest of this course.

5.3 Setup

We let K/Q, be a finite extension with ring of integers O and residue field k. We will denote by X
a smooth and proper Og-scheme with generic fibre X = X ®¢, K, which is smooth and proper over
K, and special fibre Y = & x ¢, k, which is smooth and proper over k.

We want to understand whether, given A € Br(X), the evaluation map ev4 : X(K) — Br(K) is
non-constant.

Remark 5.3.0.1. If A € Br(X) comes from Br(X), the evaluation map ev 4 is constant (and trivial).
To see this, assume that A lies in the image of Br(X) — Br(X). Then we have a commutative diagram

X(K)—25 Br(K)

| ]

X(OK) T> BI‘(OK)

Now since O is Henselian we have Br(Og) = Br(k), and the Brauer group of finite fields is trivial.
Thus, ev 4 factors through the trivial group, hence it is (constant and) trivial.

5.4 The prime-to-p case

Theorem 5.4.0.1. Let n be coprime to p. The following hold.

1. A € Br(X)[n] has trivial evaluation map for all finite extensions K'/K if and only if A comes
from the Brauer group of the model, which we write as A € Br(X)[n].

2. For every A € Br(X)[n], there exists a finite unramified extension K'/K such that A € Br(Xo,,)[n].
Sketch of proof. We have a reduction map
(=)o : X(K) = X(Ok) — X (k) =Y (k)

and a residue map

On : Br(X)[n] — HL(Y,Z/n7Z)
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such that for every P € X (K) we have a commutative diagram

Br(X)[n] —2 HL (Y, Z/nZ)

| |

Br(K)[n| —— H'(k,Z/nZ).

The lower isomorphism comes from local class field theory.
The purity theorem for the Brauer group gives an exact sequence

0 — Br(X)[n] — Br(X)[n] 2 HY(Y,Z/nZ).

1. Assume that A € Br(X)[n] does not come from the model. Then 9,4 is some non-trivial
element [Y'] € H} (Y, Z/nZ). There exist a finite extension k" of k and a point Qg € Y (k') such
that Q§([Y”]) is non-trivial (not easy; uses Chebotarev-like arguments). Using the commutative
diagram above, this gives the existence of @ € X (K’) such that Q*(.A) is nontrivial, where K'/K
is the finite extension corresponding to k’/k.

2. The Kummer sequence on Xg;

o—e”

1=y, -G, —G,, —» 1
gives the exact sequence
0 — Pic(X)/nPic(X) — HZ(X, pn) — Br(X)[n] = 0;
since n is coprime to p, we have the same sequence also for X', and hence a sequence
0 — Pic(X)/nPic(X) — HZ (X, un) — Br(X)[n] — 0;

with obvious connecting vertical arrows (from the sequence for X to the sequence for X). One
can show that Pic(X')/nPic(X) — Pic(X)/nPic(X) is an isomorphism, and (using smoothness
and properness) we also have

Hézt(X?7 .u“n) = Hézt(XOK/ ) lun)

An easy diagram chase now gives the claim.
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Brauer-Manin obstruction via
refined Swan conductors 11

6.1 Recap

Recall our standing notation: K is a finite extension of Q,, Ok is its ring of integers, m a uniformiser
of K, and k := Og/(m) the residue field. Let X be a smooth proper scheme over Ok, and let X,
respectively Y, be the generic and special fibres of X', respectively.

Remark 6.1.0.1. Note that X C & is open, with complement Y.

We want to understand under what conditions an element A € Br(X) = HZ(X,G,,) has a non-
constant evaluation map. We showed that, for every integer n coprime to p, every element A € Br(X)[n]
has constant evaluation map on X (K'), for all finite extensions K’/K, if and only if A € Br(X)[n].
The key tool in the proof was the exact sequence

0 — Br(X)[n] — Br(X)[n] = HL(Y,Z/nZ).

6.2 Some explicit computations

Fact 6.2.0.1. The following facts are useful to describe the Brauer group of a variety.

o Let K(X) be the function field of X. There is a canonical embedding Br(X) — Br(K(X)).
Typically, one describes elements of Br(X) via their image in Br(K(X)).

e Br(K(X)) can be identified with the set of central simple algebras {CSAk(xy}/ ~. A central
simple algebra (CSA) over K(X) is a finite associative K(X)-algebra with center K(X) and
whose only two-sided ideals are the trivial ones. The equivalence relation is A ~ B if there exist
m,n > 1 such that AQ gk (x)y Mn(K(X)) 2 BRg(x) Mm(K(X)). The group operation is (induced
by) tensor product.

Ezample 6.2.0.2 (Quaternion algebras). Let F' be a field and f,g € F*. We define Q(f,g) is the
4-dimensional F-algebra with basis 1,4, j,%5 and multiplicative structure

2 =f, j* =g, ij = —ji.
This is a central simple algebra over F'
Definition 6.2.0.3. We denote by (f, g) the equivalence class of [Q(f,g)] € Br(F).
Fact 6.2.0.4. Quaternion algebras are of order 2 in the Brauer group.
We make explicit the constructions considered so far in the case of quaternion algebras.

1. Evaluation map. Let A € Br(X) be an element such that Agx) € Br(K (X)) is of the form
(f,g) for some f,g € K(X)*. If P is a K-point such that f, g are both regular and non-vanishing
at P, the evaluation map is simply ev4(P) = (f(P), g(P)) € Br(K).

29
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Remark 6.2.0.5. If A € Br(X) maps to a quaternion algebra in Br(K (X)), for every P € X(K)
there are f,g € K(X)*, regular and non-vanishing at P, such that Axx) = (f,9).

2. Residue map 9, = 9. We have a commutative diagram

Br(X)[2] —— HY(Y. Z/22)

|

Br(X (K))[2] — Hg, (k(Y), Z/2Z)

Recall that Y C & is a closed irreducible subscheme of codimension 1. Thus, Oy ;, is a regular
local ring of dimension 1, hence a DVR, and so we have a valuation vy : K(X) — Z. One can
then show that the residue map is

8y: Br(K(X))[2 — H'k(Y),Z/2Z) = k(Y)* /k(Y)*

vy (9)
(f,9) = [(‘UWU)W(Q) gu:(f)} .

Ezample 6.2.0.6 (An affine elliptic curve). Let E/Q,, with p # 2, be given by E : y* = z(z —a)(z —b),
with a,b € Z) and @,b € Z/pZ distinct (and nonzero). We use the obvious integral model £/Z,, : y* =
z(x — a)(z — b) and have the special fibre E : y? = z(z — @)(z — b). The function field of E is simply

Qp [:177 y]
Q,(F) = Frac( .
o) 7 2l —a)—b)
We think of E C £ = Spec % as the zero locus of the ideal (p). In particular, Ocyp =

( Zp(z,y] )

-0 ) )’

Fact 6.2.0.7. One can show that, for every A € Qy, the class of (A\,x —a) € Br(Q,(E)) comes from
Br(€)[2]. We will later see how to prove such statements.

Ezercise 6.2.0.8. Prove that vi(xz — a) =0 and vz(A\) = vp(N).
)X

)><2 °

oSl

As a consequence, Oy((\,z —a)) = [(z — a)»PM)] € gp((

oot

Ezercise 6.2.0.9. The class [(z — a)] is not in F,(E)*2.
Hint. Look at its divisor.

Thus, the residue is trivial if and only if v,()) is even.
Remark 6.2.0.10.

o Os(A,z —a) =0 if and only if v,()) is even.
e Over Q,(v/)), we will have 0x(\, x — a) = [(z — a)’*N] =0, so (\,z — a) comes from the model

over X, .
Og, (v

6.3 The purity sequence

Let’s consider again the sequence
0 — Br(X)[n] — Br(X)[n] = HL(Y,Z/nZ).
This is a form of the purity theorem.
Theorem 6.3.0.1 (Purity). We have
Br(X) = N Br(Ox,s)
z of codimension 1

and
Br(X) = N Br(Ox ).

x of codimension 1
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Remark 6.3.0.2. In particular, the Brauer group doesn’t change if we remove points of codimension at
least 2.

Corollary 6.3.0.3. Since the only codimension-1 point of X that is not also a codimension-1 point of
X is the special fibre Y, we obtain

Br(X) = Br(X) N Br(Ox yy ),
where the intersection is taken inside Br(K (X)), as in the following diagram

Br(X) —— Br(X)

| |

Br(Ox 5, ) — Br(K (X))

Construction of the residue map

Let R be the DVR Oy 4, , let R" be its Henselisation, and denote by K" the fraction field of R".

Remark 6.3.0.4. Recall the following properties of Henselisation: the ring R" is Henselian; there is a
map R — R", and R, R" have the same residue field. More precisely, if m is the maximal ideal of R,
then mR" is the maximal ideal of R", and the natural map R/m — R"/mR" is an isomorphism. In
our case, this residue field is k(Y).

Fact 6.3.0.5. 1. We have Br(R) = Br(K (X)) N Br(R").
2. Let n be coprime to p. We have
Br(K")[n] = ker (Br(K")[n] — Br(K)[n]) :

every n-torsion element in Br(K") is trivialised by an unramified extension.

8. Using some Galois cohomology,the short exact sequence
1= Uy — (KB 5 Z -1
yields
0 — Br(R") — ker (Br(K") — Br(K")) & H'(k(Y),Q/Z) = 0
(This is part of the low-degree exact sequence; we note that
Br(R") = H*(Gyr,Uny),  ker (Br(K") = Br(K[)) = H*(Gyr, (KI)%)
and H*'(k(Y),Q/Z) = H?(k(Y),Z) via the usual short exact sequence coming from 0 — 7 —

Q—-Q/Z—0.)
Now the point is that for n coprime to p we have ker (Br(K")[n] — Br(K!)[n]) = Br(K")[n], and
so the residue is defined everywhere.

Putting everything together, we have the following.
Lemma 6.3.0.6. If (n,p) = 1, then there exists a residue map
Oy : Br(K(X))[n] = H'(k(X),Z/nZ)
such that ker(0y,) = Br(Ox . )[n].
Proof. We define 9,, as the composition
Br(K (X))[n] = Br(K™)[n] & H'(K(Y),Z/nZ),

where 0 exists by facts (2) and (3). We now have 9,,(A) = 0 if and only if 9, (Agr) = 0, if and only
if Agn € Br(R") (by fact (3)), if and only if A € Br(R) (by fact (1)), as desired. O

Definition 6.3.0.7. We define
fily Br(X) = {A € Br(X) | Agn € ker (Br(K") — Br(K[))}.

Note that fily Br(X)[n] = Br(X)[n] for n coprime to p, and that the residue map is defined on fily Br(X)
(even for p-power torsion in the Brauer group).
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Let K/Q, be a finite extension, X/K be a smooth and proper variety, L := K(X). We defined a
subgroup
ﬁl() BT(X) Q BT(X)

given by
filo Br(X) = {A € Br(X) | Apn € ker(Br(L") — Br(L)}.

Lemma 7.0.0.1. There is a residue map
0 : fily Br(X) — H'(Y,Q/7Z)

such that
fily Br(X) —— Hl(Y, Q/7z)

J J

fily Br(L") —— HY(k(Y),Q/Z).
Moreover, ker 0 = Br(X).

Theorem 7.0.0.2. 1. An element A € Br(X) has trivial evaluation map on X (K') for all finite
extensions K'/K if and only if A is in Br(X).

2. For every element in fily Br(X), there exists a finite extension K'/K such that A € Br(Xo,,)

Proof. Part (1) is proved as in the prime-to-p case. For part (2), the argument we gave for the
prime-to-p torsion does not work; one needs the explicit description of the residue map. O

7.1 The wild part of the Brauer group

We describe some recent work of Bright and Newton (2020).

7.1.1 Step 1.
Kato defined a filtration {fil, Br(L")}, ey such that
1. U, en fil, Br(L") = Br(L")
2. For each n > 1, there exists a map (‘refined Swan conductor’)
ISWy, o @ fil, Br(L") — Qi(Y) & Qi(y)
such that ker(rsw,, ) = fil,_1 Br(L").

Remark 7.1.1.1. The map rswy, , depends on the choice of uniformiser m, but the resulting filtration
does not (different choices of 7 give maps rsw,, » that only differ by multiplication by a scalar, so their
kernels don’t change).

33
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7.1.2 Step 2.
Bright and Newton define

fil, Br(X) = {A € Br(X) | Ap» € fil, Br(L")}
and show that there exists a diagram

IrsSWp,

fil, Br(X) —— HY(Q%) & HO(OL)

| |

fil, Br(L") ——— Q2 ) & Q)

such that kerrsw,, » = filn — 1 Br(X).

Theorem 7.1.2.1 (Bright & Newton). Let A € Br(X) be such that A € fil,, Br(X) and rsw,, (A) =
(o, B). If there exists a point P € Y (k) such that (ap,Bp) # (0,0), then ev4 : X(K) — Br(K) is
non-constant.

Remark 7.1.2.2. In particular, if rswy, - (A) = (a, 5) # (0,0), there exists a finite unramified extension
K'/K such that ev4 : X(K’) — Br(K’) is non-constant.

Goal. Give an explicit description for fil,, Br(X)[p].

7.2 Elements in Br(L)[p| for a field L

Let L be a field of characteristic 0 and n € Z>q. There is an exact sequence of étale sheaves

1—>un—>Gml>Gm—>1,

which (taking the long exact sequence in cohomology and using Hilbert 90) gives

H(L, 1) > Br(L)[n)
L* % HY(L, ).

Definition 7.2.0.1. For every j > 1 we define Z/nZ(j) as pn Qz pin Qz -+ 7z . We also set

j times

Z/nZ(0) := Z/nZ. These are all isomorphic as groups, but not as Galois modules.

Exercise 7.2.0.2. If L contains an n-th root of unity ¢,, the map 0¢, : Z/nZ(0) — Z/nZ(1) sending
1 to ¢, is an isomorphism of Galois modules.

The natural map Z/nZ(i) @z Z/nZ(j) — Z/nZ(i + j) gives a cup product
HY(L,Z/nZ(i)) x H'(L,Z/nZ(j)) — H*(L,Z/nZ(i + 7)).
In particular, if L contains a primitive n-root of unity (,, we get

HY(L,Z/nZ(1)) x H'(L,Z/nZ(1)) — H*(L,Z/nZ(2)) = H*(L,Z/nZ(1)) = Br(L)[n].  (7.2.0.3)

7.3 The ramification filtration on Br(L")[p]

Assume that L" contains a p-th root of unity. Bloch & Kato define a filtration U™ H?(L" 7 /pZ(2))
on H2(L" 7./pZ(2)) as follows:

1. U'H?(LM Z/pZ(2)) = H*(L", Z/pZ(2))

2. For m > 1, U™H?(L",Z/pZ(2)) is the subgroup generated by &(1 + 7™z) U 6(y), where U is
the cup product of Equation (7.2.0.3), x is in Oyx, y is in (L")*, and ¢ is the connecting map
L* — HY(L, ) coming from Hilbert 90.
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Theorem 7.3.0.1. Let e’ := pe , where e = e(K/Q,). Assume that K contains a primitive p-th root
of unity, so that in particular €' is an integer. Then

files Br(L")[p] = Br(L")[p],

U HA (LM, 2/pZ(2)) = (0),

and the isomorphism
Br(L")[p| = H*(L, Z/pZ(2))

induces, for each 0 < m < €', an isomorphism

filer— (L") [p] = U™ H? (L Z/pL(2))

Definition 7.3.0.2. Let Zg(y) = ker(d : Qk(Y — Qk(Y ) and BZ(Y) = (d Q = Qk(Y ) Let
moreover wg (¥).log be the subgroup generated by differentials of the form % AN %, as the y; vary

over k(Y)*. Also define
m . UMH?(L" Z/pZ(2))
"= .
& UmHLH2(LR, Z)pZ(2))

Proposition 7.3.0.3. We have the following description of the graded pieces.

1. For 0 <m < ¢ with ptm, there is an isomorphism
Pm Q}Cép = gr
T = [6(1+7™mx) Ud(y)],

m

where x,y € L™ are arbitrary lifts of T, 7.

2. For 0 <m < €' with p | m, there is an isomorphism
pmt D)/ Ziyy ® Ry ZRyy — gr™
(xgy,f) = [0+ 7mz)Uo(y)] + [6(1+7™2) Ud(nm)],
where we have identified B}y @ By = Qyy [ Z4 vy © U3y [ 23y
3. For m = 0, we have an isomorphism
0

Po - Qi(Y),log ® Qlle(Y),log = gr
(dlogy, A dlogys,dlogy) —  [5(y1) Ud(y2)] + [6(y) U &()].

Theorem 7.3.0.4. Assume (, € L". There exists a scalare ¢ € k>, depending on Cp and on m, such
that

1.
rswer 2 (pola, 8)) = cla, B).
2. If ptm,
ISWe/—m, (pm(B)) = c(dB, (6/ —m)pB)
3. Ifp|m,

rSWe’fm,ﬂ(pm(av ﬁ)) = C(Oé, ﬁ)
Remark 7.3.0.5. Recall that U™ H?(L", Z/pZ(2)) = fils_,, Br(L")[p], and

fil,, Br(L")[p]
fil,,—1 Br(L")[p]

ISWy 7

= By © Ly

fil,, Br(L")[p]
and g =Ry 1Br(Lh)p[p] > gpe'—m,
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8.1 Recap

We let K/Q, be a finite extension, X/Ox be a smooth and proper variety, 7y the generic point of
Y = X xo, k, L" = Frac (Oﬁf’ny). We have defined two filtrations:

e Swan filtration: {fil, Br(L")[p]},>0 C Br(L")[p]. We also have maps rsw,, , : fil, Br(L")[p] —
QF y) ® Yy such that ker(rswy, - ) = fil, 1.

e Ramification filtration: {U™H?(H",Z/pZ(2))}m>0 C H*(L",Z/pZ(2)).
We have isomorphisms
po : Qi(Y),log ® Qllc(Y),log = gr?

pm: Qyyy = g™ ifptm
pm : Biiyy ® Byyy — g™ if p [ m.

The groups Br(L")[p] and H?(L",7Z/pZ(2)) are isomorphic if L" contains a primitive p-th root of unity.
Theorem 8.1.0.1. Let ¢ = p%pl.

o UMHA(LM,Z/pZ(2) = Bl Br(LV)[p)

o 15w (pm(B)) = c(dB, (¢ —m)B) if pf m.

® ISWe i x(pm(a, B)) = c(a, B) for some c € k™ if p | m.
Remark 8.1.0.2. The theorem describes the image of rswy,  in Qi(y) &) Q}c(y).

Question 8.1.0.3. What can we say about the image of

fil,, Br(X)[p]

AL B0 — H°(O%) ® H°(Q3)?

ISWp 7

8.2 Cartier operator
Let Y/k be a smooth variety. Write
7% =ker(d: QL — Q%

and
By =im (d: 00" —0f ).
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Theorem 8.2.0.1. There is an isomorphism
Ot 0 23/BY

that locally satisfies:

L O Wi A Awy) = Oy 1) A A Gy (wy);

2. for =1, Cy* (Mw) = \CyH(w), for all A € Oy-.
Definition 8.2.0.2. Qf, = =ker(Cy' —id: Qf — Q/BY]).
Remark 8.2.0.3.

o If Y = Spec(F), then Q. = QF,, is the subgroup of Qf. generated by dlogy; A--- A dlogy,.

e The inverse of C;l is called the Cartier operator C. It fits in the short exact sequence
0—BL - 27L 502 —o.

(Note that C' is only semilinear.) In particular, w € H4(Q%) is in H°(BY) if and only if dw = 0
and Cw = 0.

Corollary 8.2.0.4. Let A € Br(X)[p]. The following hold.
1. file Br(X)[p] = Br(X)[p] and rswer - (A) = (o, §) with a, 8 € H°(Q31,,) © H(Qy1,,)-

2. Ifn<e' and ptn, then
rswy, »(A) = (o, 8) = (0,0) & 8 =0.

3. Ifn<e andp|n, then
rswn,ﬂ'(A) = (a, 5) € HO(B%/) D H()(Bil/)
Sketch of proof. 1. We have fils Br(L")[p] = Br(L")[p], hence fil» Br(X)[p] = Br(X)[p].

2, 3. The inverse Cartier operator Cy ! fits in a commutative diagram

—1

C
0y ——71/BL

L

QZ(Y) E— ZZ(Y)/BZ(Y)3

both results follow combining this, the description of logarithmic forms as kernels, and the fact
that H°(Q3) & HO(Qy) injects into QF ) & Q5. -
8.3 p-adic vanishing cycles
Bloch & Kato generalise the definition of ramification filtration on H?(L",Z/pZ(2)) to the sheaf
My = R*j,Z/pZ(2),
where j is the inclusion of X into X
Fact 8.3.0.1.

1. (Gabber) There is an injection
H°(X, M) < HO(L", H?(Ly,, Z/pZL(2))).

The point here is that the right-hand side carries a natural ramification filtration.
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2. Using the second-page spectral sequence
Ey' = Hy(X, R'j.Z/pL(2)) = HE (X, Z/pZ(2)

we get an edge map ~y that fits in the diagram

H2(X, Z/pZ(2)) ——— H(X, R%},Z/pZ(2))

| l

H2,(L", Z/pZ(2)) —— HZ(Lh, 7,/p7(2)) S L/ L")

nr?
In particular,

kery = {A € HZ(X,Z/pL(2)) | Apn € ker (HZ,(L", Z/pZ(2)) — HZ(Ly,, Z/DL(2)))}-

This group is very similar to how we defined fily on the Brauer group.

Lemma 8.3.0.2. The map v induces a homomorphism
7 : Br(X)[p] — Hg(X, M)
such that ker 4 = fily Br(X)[p].

Proof. We have
HE(Z,Z/pZ(1)) = HZ (X, Z/pL(2)) — H°(X,Z/pL)

Br(X)[p]

To show the existence of 4 it suffices to prove v(Pic(X)/pPic(X)) = 0. Let = € Pic(X)/pPix(X). By
injectivity of g, we have y(z) = 0 if and only if g(vy(z)) = 0. By Hilbert 90, we have Pic(L?) = 0, and
commutativity of the diagram in the previous fact gives the statement. Finally,

kery = {A € Br(X)[p] | Apn € ker (Br(L")[p] — Br(L))} .
O

Corollary 8.3.0.3. Let A € Br(X)[p|] be such that ¥(A) = 0. There exists a finite unramified extension
K'/K such that
evy: X(K') — Br(K')

15 non-constant.

Proof. Tt 4(A) # 0, then A does not lie in fily Br(X)[p]. Thus, there is some n > 1 such that
rswy - (A) = (o, 8) # (0,0). If there exists Py € Y (k) such that (ap,,Bp,) # (0,0), the evaluation
map X (K) — Br(K) is non-constant. The result follows from (i) one can always find a finite extension
for which such a point Py exists; (ii) the refined Swan conductor rsw does not change under ramified
extensions (i.e., rswy, - (A) = rswy, (Ak’)). O

8.3.1 More on H°(X, M)

From the Kummer sequence on Xgt,
15 Z/pZ(1) = Gy 25 Gy — 1

we get j,.G,, LN R'j.Z/pZ(1). In analogy with what happens for fields, given z,y € j.G,, we get
§(x) Ud(y) € R%j.Z/pZ(2).
Fact 8.3.1.1.

1. My is generated (étale locally) by symbols of the form §(x) Ud(y) for z,y € j.O%.
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2. These symbols can be used to define a ramification filtration

{U" Ms}n>o0,
given by
(a)
UMy := M,.
(b)

UMy = (5(1+7™2) US(y) : 2 € O,y € 5.O%),

where by (---) we mean that the (sub)sheaf My is generated étale-locally by the given sym-
bols.

(¢c) Form >¢€', UMy = {0}.
For 0 < m < € with p tn, there is an isomorphism pp, : Q3 — gr™(Ma) (note that the
left-hand side is on the model and the right-hand side is on the special fibre).
For 0 <m < €' and p | m, there is an isomorphism py, : B¢ & By — gr™(My).
Finally, for m = 0 there is an isomorphism py : Q%,’log ® Q%,’log — gr%(May).
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9.1 Recall

My = R?j.Z/pZ(2) on Xg. There exists a filtration {U™Ms} on My such that there exists an
isomorphism
Po - Q%/,log ® Q%/,log - gro Mo
dlogy, A dlog¥y — 6(y1) Ud(y2)

where y1,y2 are arbitrary lifts of 7;,7,.
There is an exact sequence

0— U1M2 — Mo Po_> Q%’,log ® Q%’,log — 0.

Hence we have

~ [)71
Br(X)[p] ————— HO(X, Ms) —— H(3,,) & H (1)

|

Br(K(X))[p] > (f,9)

J

Br(L")[p] ————— Br(Li)[P) ™™ ——— By 10g @ Vv tog

—1
Po

Start from (f,g) in Br(L")[p]. Then we get {f, g} in Br(L",)[p])¢®!, which maps to dlog f A dlogg in
Qi(Y),log & Q,lc(y)ylog, and now it’s easy to lift this to (f, g) in Br(K(X))[p].
9.2 Ordinary varieties

Let Y/k be a smooth variety over a field of characteristic p > 0.
Definition 9.2.0.1. Y is called ordinary if H"*(Y, B{.) = 0 for all n,q.
Remark 9.2.0.2. e One can prove that for abelian varieties this is equivalent to the usual definition.

e Moreover, the definition is equivalent to

H"(Qq?ylog) ®r, k= H"(QL).

e If Y is ordinary and such that H°(Q32,) # 0, then HO(Q%,JOg) # 0.
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Ezample 9.2.0.3 (Ordinary abelian surface). Take p = 3, K = Q3((3), 7 a uniformiser, k = F3, and
E/O0k syt =2 + 42?4+ 3x 4+ 1.
1. Let E’/F3 be the special fibre, namely
E/Fs:y? = 2%+ 22 + 1.
We claim that E is ordinary. In particular, the global 1-form is given (locally) by the equation

dx 1(x—y)de (v/y)dr—dr dy—dx

= dlog(y — z).

2y 2 yly — =) y—m y—x

Let S := & x &, with respective coordinates [X : Y : Z] and [U : V : W]. On the special fibre S, the
global 2-form is given by
w = dlog(y — x) A dlog(v — u).

Can we lift w € HO(QZlOg
Br(K (Sk))[3].
We pause to give a criterion for an element of Br(K (X))[p] to extend to X.

Theorem 9.2.0.4. Let (f,g) € Br(K(X))[p].

) to Br(Sk)[3]? It’s easy to do on the function field: note that (y—x,u—v) €

1. Letting D := Supp(f) U Supp(g) we have

(f,9) € Br(U)[p], where U = X\ D.

2. We have an exact sequence
Op,
0= Br(X)lp] = Br(U)lp] == €D H'(K(D:),2/pZ),
D;<D
irreducible
where, under the canonical identification H'(K(D;),Z/pZ) = K(D;)*/K(D;)*?, the residue
map Op, s

vp,(9)
o (P, L7
(ro) e |1 el

Back to the example: let’s apply the criterion given in the theorem. We have D = {Z = 0} U{X =
YIU{U=V}U{W =0}. Let U = S\ D and (f,g) € Br(U)[3]. Let for example D; = (EN{Z =
ONXxE={0:1:0]} xE,Dy=(ENn{X=Y})xE={[1:1:-1]} x E.

We compute for example dp, (f,g). Note that vp,(g) = 0, so that dp,(f,g) = [¢g7"" (] €
K(D:1)*/K(D1)*3. From the equation of E we obtain

Z(Y? —4X? -3XZ - 7% = X3,

so — since (Y2 —4X? —3XZ — Z?) does not vanish at [0: 1: 0] — we get vp, (f) =vp, (Y — X)/Z) =
—ordp,(Z) = —3ordp, (X), which is divisible by 3. This shows that the residue is zero.

Ezercise 9.2.0.5. Check that Op,(f,g) =0.
Hint. Use that Z(Y — X)(Y + X) = (X + Z)3 on E.

The upshot is that A = (Y25, Y=Y) € Br(9)[3] is such that 5(A) = (w,0) € H(95),,) @
HO(Q!

y7log)'
Theorem 9.2.0.6. Assume that X /O is such that

1. Xj s ordinary;

2. H' . (Y/W(k)) is torsion-free.

cris

Then, for every nonzero w € H°(0%), there exists a finite extension K'/K and A € Br(Xg/)[p] such
that A maps to (w,0) in HO(Q2) @ HO(Q%/JOg).
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9.3 K3 surfaces

Definition 9.3.0.1. K3 surfaces are 2-dimensional variety over K such that H%(Q}.) = 0 and H°(Q3)
is a 1-dimensional vector space.

Fact 9.3.0.2. o If X/K is a K3 surface with good reduction, then the special fibre is also a K3
surface.

e For every homogenous p(z,y,z,w), the zero locus {p = 0} C P3., if smooth, is a K3 surface.

e In this case, the global 2-form on X is given locally by

L dly/x) nd(z/)
Lop/ow

e Y/k is ordinary if and only if |Y (k)] £ 1 (mod p).
Ezample 9.3.0.3 (An ordinary K3 for p = 2). Take X/Q given by
23y + 32 + 2w+ wde + xyzw = 0.
We have |Y(F3)| = 10 # 1 (mod 2), so Y is ordinary.

1. The global 2-form is (locally)

_ d(y/x) Nd(z/x) — dlog 2%+ w?z + xyz A dlog z
1/23(23% + w?a + xy2) a3 x
Let f := Z?"H”i# and g := £ (these are defined in characteristic 2; denote by f, g the obvious

lift to Q2).

2. Does (f,g) € Br(X)[2]? The union of the supports of f,g consists of 5 irreducible divisors,
including {z = y3 + 22w = 0}. We compute vp,(f) = —3, vp,(g) = —1, hence Ip,(f,g9) =
[—f~1¢*] = [~1], which does not vanish in Q5 /Q5*.

Ezercise 9.3.0.4. 0p,(f,g9) =0 for all i # 2.

The exercise implies that (f,g) belongs to Br(Xgq,(;))[2], and one can also check that (f, —g) €
Br(X)[2].

Remark 9.3.0.5. There are examples of K3 surfaces over Q2 with good ordinary reduction for which
Br(X)[2] = filp Br(X)[2]. In particular, in order to find an element with non-constant evaluation map
we need a field extension of Qs.
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Chapter 10

Brauer-Manin obstruction via
refined Swan conductors VI

Goal. Do something similar to what we've seen yesterday (construct Brauer classes from global
2-forms) in the case of non-ordinary good reduction.

10.1 Recall

Let X/Ok be smooth and proper, K/Q, a finite extension, j : X < X the inclusion of the generic
fibre, and My = R?j,Z/pZ(2) the sheaf of ‘p-adic vanishing cycles’. We have seen that there is a map

7 : Br(X)[p] = H°(X, My)

such that ker(%) = fily Br(X)[p], and in particular, if A ¢ fily Br(X)[p], there exists a finite unramified
extension K'/K such that ev4 : X(K’) — Br(K’) is non-constant.

Remark 10.1.0.1. Assume that A € Br(X)[p] is such that there exists n > 1 with rsw,, »(A) = (o, 8) €
H°(Q%) @ H°(Q},) with « # 0. For every finite extension K’/K we have

ISWe(K' ) K)nmge (Arr) = ¢ (a,e(K'/K)B)

for some non-zero constant ¢ € k*. This shows that the condition a # 0 is stable under extensions
of the ground field, while 8 # 0 is not. In particular, if A belongs to a certain stage of the filtration
‘because of 3 # 0, when we pass to an extension the stage of the filtration can change. This doesn’t
happen if a doesn’t vanish.

Corollary 10.1.0.2. Ifrsw, (A) = (o, 8) with a # 0, there exists a finite extension K'/K such that

for all K/K' the map ev 4 : X(K) — Br(K) is non-constant.

10.2 Non-ordinary case

Assume that X' /O is such that H°(Q2,) # 0. One can show that in many cases (more on this later;
for abelian varieties, K3 surfaces, complete intersections, hyperKéhler, ...) the following implication
holds:

HO(Q%/,log) =0= HO(B%) 7& 0.

Recall that we have an isomorphism

pp: Br@®By — gr? (M)

[f dlog(g)] — [6(1+="f)Ud(g)].

This induces a sequence
0— UPH' My — UP My — B3 @ By

and hence a map
H°(X,UP My) — H(B%) @ H(BY).

45
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Remark 10.2.0.1. A possible strategy to construct an ‘interesting’ class is to find A € Br(X)[p] such
that

F(A) € H (X, UP M5) — H°(B}) ® H°(By)
maps to a nonzero element in H°(B%) & HY(Bj,).

Remark 10.2.0.2. Recall that U™ My = 0 for m > €’. In particular, UP My # 0 implies p < €' := pej,
which works out toe > p — 1.

Example 10.2.0.3. Let K = Qg(\@) with uniformiser © = /2. We take X to be the K3 surface defined
by
23y + 3z + 23w — wt + 2zyzw — V2zzw? = 0,

with special fibre
Y/Fy: 2y + y*2 + 2w+ w* = 0.

We have |Y(F3)| =1 (mod 2), so Y is not ordinary.

e Step 1: the 2-form on Y.

L) (20 (2) s ()

= d(Z5) ndiog (7)
= (s ().
We thus take f = xy/2? and g = z/x.
e Step 2: compute p;l(?dlogﬁ) = [6(1 4+ 2f) U d(g) with any lift of f,g to K(X)*.
e Let f1 =14+2f, g=2/x and take A = (f1,g). By direct computations using

0—Br(X)[2] = Br(U)2l » @  H'K(D),Z/22)
D;CD irreducible

and D = Supp(f)USupp(g), U = X\ D. We find that this has a non-trivial residue, but (f1, —g)
has trivial residue along all D;, so we have our class.

Ezample 10.2.0.4 (A family of examples). Take K = Q2(v/d) with d € Z a squarefree integer, d # 0, 1.
Consider

2
Xa/K : 23y + 132 + 22w — wt + deyzw — —=z2w? = 0.

Vd

Since d is squarefree, d Z 0 (mod 4), and hence 2/V/d is in Oy, where p is the prime above 2. In
particular, X /O is smooth. There are two cases: if d is odd, the special fibre

Yy: 23y + 32+ 22w + wt + zyzw
is ordinary; if d is even, the special fibre is the same surface
m?’y + y?’z + 23w + w?

is zero. ,
The algebra Ay = (%;lxy’ 7%) € Br(Xy)[2] is such that

o for d=1 (mod 2), 7(Ag) € H°(X, Mz2) maps to wq # 0 in H°(Q3, 1,.);

e for d=0 (mod 2), 7(Ag) € HO(X,UP M3) maps to wy # 0 in H°(BZ) # 0.
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10.3 A theorem from yesterday

Theorem 10.3.0.1. Suppose Y/k is ordinary. Assume
1. H(Q3%)#0
2. Hi..(Y/W) is torsion-free for all i.
Then, for every w € HY(Q3.) there exists a finite extension K'/K and ABr(Xg/)[p] such that eva :
X(K) — Br(K) for every finite extension K/K'.
Note of the scribe. I think different differential forms w give different classes A.

Theorem 10.3.0.2 (Ambrosi, Newton, Pagano). (Almost) the same holds without the ordinarity
assumption (but not the ‘for every w’). More precisely: assume

1. H(Q3%) #0
2. H! ,.(Y/W) is torsion-free for all i.

Then there exist a finite extension K'/K and ABr(Xg:)[p] such that ev  : X (K) — Br(K) for every
finite extension K/K'.

Proof. We have py ' : My — Q3 10 © QY 1e- Recall that po : Q3 ), ® Q5 — gr is an isomorphism.
We get (py )7 @ (M) — Q%,Flog and an exact sequence

0— (UMQ)? — (MQ)? — Qi’g,log — 0.

Fact 10.3.0.3 (Bloch-Kato). WhenY is ordinary, H™((UM3)z) = 0 for alln, and hence H°((Ms)z) =
HOYOF 10)-
%1108

Fact 10.3.0.4. If H!
erates, and the map

ris (Y/W) is torsion free, the spectral sequence of p-adic vanishing cycles degen-
HZ (X7, Z/pZ(2)) =+ HO(M2))
is surjective. This gives the existence of an A € Br(X)[p| such that ¥(Az) # 0.

10.4 Consequences over number fields

Let M be a number field and V be a smooth and proper variety over M. Suppose that for every finite
extension M'/M we have
vy = [T v,

vEQ
that is, V satisfies weak approximation over M’. Then H°(Q%,) # 0.

Remark 10.4.0.1. This aligns with the expectation that varieties with many rational points should
have a simple geometry.

To prove this statement, note that if there is a global 2-form, then Theorem 10.3.0.2 applies. More
precisely:

Proof. For all but finitely many primes p of Oy, the variety V, = V x5 M, has good reduction, with
special fibre Yy, and H: . (Y,/W (x(p))) is torsion-free. Assume that H°(Q%.) # 0. Then for almost
all primes of good reduction we have H O(Qf/p) # 0. Theorem 10.3.0.2 gives the existence of a class
A € Br((V,)k+)[p], where K’ is a finite extension of M,, such that ev 4 is non-constant for all finite
extensions K /K’. Finally, one has to show that this class extends to a class in the Brauer group of
the variety over a number field. This is true: since étale cohomology is invariant under base-change

along inclusions of algebraically closed fields, we have
Azr € Br((Vo)zg,) = Br(Vap).

Since moreover Br(Vyz) = Uy /0y Br(Var), the class A is defined over some number field. O
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